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Magnetic field amplification in a homogeneous, dissipative, isentropic, polytropic, two-dimensional, turbu-
lent magnetofluid is simulated numerically. The magnetofluid is, in a number of cases, mechanically forced so
that energy input balances dissipation and thereby maintains a steady state. In the presence of a spatially-uni-
form mean magnetic field, a magnetofiuid whose initial turbulent magnetic energy is zero quickly arrives at a
state of nonzero turbulent magnetic energy. If the mean magnetic field energy density is small, the turbulent
magnetic field can achieve a local energy density more than 400 times larger than the energy density associated
with the mean magnetic field; if the mean magnetic field energy density is large, then equipartition between the
turbulent magnetic and kinetic energy is achieved at the smaller scales. Compared to the presence of a mean
magnetic field, compressibility appears to have only a marginal effect in mediating the transfer of turbulent

kinetic energy into magnetic energy.

Introduction

OMPRESSIBLE, ionized, turbulent flow occurs in many

contexts. These include magnetic and inertial fusion en-
ergy devices, astrophysical objects, and the ionosphere. An-
other context is the environment around aerospace vehicles
which operate in hypersonic regimes (such as reentering space-
craft). In all these cases, magnetohydrodynamic (MHD) and
other plasma effects may become significant or at least observ-
able. In many of these cases, there is an externally imposed
mean magnetic field present (such as the Earth’s magnetic
field). A mean magnetic field is important in that it may lead
to flow states where an appreciable amount of the local energy
density is invested in the self-excited turbulent magnetic field,
even though there was negligible initial self field (. e., the
magnetic field associated with current densities locally present
in the magnetofluid).

The energy contained in the self-excited turbulent magnetic
field may, in fact, become several orders of magnitude larger
than the relatively small amount of energy contained in the
local mean magnetic field. A magnetic amplification process
has obvious importance in explaining many natural phenom-
ena; it has also been observed in numerical simulations of
decaying homogeneous turbulence.! Since turbulent MHD
flow in many contexts is driven, rather than merely decaying,
it is important to determine the response of a compressible
turbulent magnetofluid to the presence of both external forc-
ing and a mean magnetic field. It is this situation that we have
numerically simulated and that we wish to present here.

Some ramifications of such a study lie in the possible effects
a relatively large turbulent magnetic field may have, for exam-
ple, on heating rates and body forces. On the other hand, even
if the magnetic energy is small compared to the fluid kinetic
energy, the presence of an observable turbulent magnetic field
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may provide a means for determining fluid fluctuation levels:
since these are correlated with magnetic fluctuations, the use
of a magnetometer might provide useful information concern-
ing both.

Although it would be preferable to examine directly
bounded, geometry-specific, three-dimensional flows, doing
so with good spatial resolution requires computers consider-
ably more “‘super’’ than currently exist—particularly if we
wish to investigate a large number of parameter values in an
efficient manner. This along with a dearth of fundamental
results dictates that we first investigate homogeneous MHD
turbulence, i.e., turbulence that, though initiated by boundary
effects, is far enough away from that boundary that it behaves
as if it were a small volume of turbulent fluid embedded in a
larger, homogeneous volume. (If the assumption of spatial
homogeneity is made, then an efficient numerical procedure
for simulating MHD turbulence is a Fourier spectral trans-
form method.?>?)

Furthermore, in order to maintain good spatial resolution,
two-dimensional simulations are more efficacious than three
dimensional (due to practical limitations on computer memory
and speed) as long as the important physical phenomena that
exist in three dimensions are still retained in the two-
dimensional model. This is a severe restriction with regard to
what have come to be called ‘“‘dynamo’’ processes if our model
magnetofluid is not embedded in a mean magnetic field, since
various two-dimensional ‘‘anti-dynamo’’ theorems recognize
that there can be no turbulent magnetic field enhancement in
this case.* However, a nonzero mean field provides an effec-
tive coupling in two dimensions, as well as three dimensions
between turbulent kinetic and magnetic energy. Although
three-dimensional MHD may be expected to hold many more
interesting phenomena than two-dimensional MHD, the effect
of a mean magnetic field should be similar in both; thus, we
proceed on our path of numerically exploring two-dimen-
sional magnetofluids with the expectation that mean field
effects will be at least qualitatively similar in two and three
dimensions. Since a small but nonzero mean magnetic field
may be present in many cases, and since its presence causes the
antidynamo theorem to fail, the physical significance of this
theorem may be less, for two-dimensional flows, than it has
sometimes been made to appear.
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Following a description of the basic equations, a numerical
procedure for simulating a two-dimensional homogeneous,
isentropic, polytropic magnetofluid will be discussed. Numeri-
cal results will then be given and followed by a discussion and
conclusion.

Fundamental Equations

The basic, nondimensional three-dimensional single fluid
MHD equations are

dp
— 4+ V-.pu=90 ia
3 o (1a)
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The velocity # and magnetic field B are measured in terms
of reference values Uy and By, respectively, and the reference
values for length, temperature, and time are Lo, Ty and ¢,
respectively, (fp = Lo/ Uy). The magnetic field consists of two
parts, B = By + b, i.e., an externally produced mean part By
and the internal, self-consistently determined part 4. In Eq.
(1), F, G, and H are forcing terms used to model the injection
of turbulent excitations; e.g., these may be due to thermal
instabilities upstream in a shock transition layer, a situation
that occurs in laser-produced plasmas,” and which may be
expected in re-entry vehicle plasma sheaths. [The F, G, and H
are not generally imposable independently of each other or of
any approximations which may also be imposed on the set of
Egs. (1).] The local gravitational accelerationis g = — v & (®
is the static gravitational potential), and other quantities and
their (units) are

0 : mass density (og)

D = pT: pressure (py7})

Y = (c,/cy): ratio of specific heats

: specific heat at constant pressure (UZ2/Ty)
: specific heat at constant volume (UZ/Ty)
: viscosity (poUpLg)

. bulk viscosity (ooUsLyg)

: electrical resistivity (UpLg)

: thermal conductivity (ooU3Ly/ Tp)

= (py/poU?): a measure of compressibility
= I}_,¢,®é: unit 2nd rank tensor

~w RS eR O

In those situations when the magnetic energy is comparatively
small, Uy may be an rms fluid velocity Uy = v[#?], and in the
case where the magnetic energy is comparatively large,
Up =V, = By/\J47mppy (cgs units); By is either the mean-field
strength or the rms value of b, and V4 is the Alfven velocity.
If the magnetic and kinetic energies are comparable,
V4 =~[u?] and U, can represent either one.
The energies we are concerned with here are

Ey = E, + E,: total kinetic energy
E, = {p,u,/2): solenoidal part of Ex
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E. = [p.-u./2): compressional part of Eg
E [b - b/2): magnetic energy

p =
E; = [B/(y — Dp(T — Ty)}: net internal energy
E, = [p®]: gravitational energy

E.om = E. + E;: total compressional energy

E =E;+Eg+ E,n+ E,: total energy

and four other important quantities are

Q = [(V X u)?: enstrophy

J = [(V X b)?]: mean squared current

A = [pa?): mean squared vector potential
H. = [u-b]: “cross helicity”’

(The square brackets signify a volume average over the com-
putational box:

1 2% 2
(0] Eaﬁgo dx(so dy Q(x,y)

and the solenoidal and compressible parts of the momentum
density are defined as p, = pu,; and p. = pu,, respectively.)

Furthermore, the dynamical system described by Egs. (1)
has the conservation law:

dE
—d7:[u.F+j-G+H] (2a)

Note that E is theoretically conserved if ¥ =G =0, H =0,
even if the dissipation coefficients p, { and n are nonzero (for
the full set of equations).

The fundamental equations are very general and can be
applied to study any number of physical situations (e.g., mag-
neto-aerodynamics, geophysics, many astrophysical situa-
tions, and plasma confinement devices). Depending upon the
application, the transport coefficients u, {, 7, and « may be
constant or may vary with temperature, density, or magnetic
field strength.

In our work here, we will not solve the full set of Egs. (1),
but instead will simplify them by making the following three
assumptions: first, we assume an isentropic, polytropic equa-
tion of state p = pT = p? so that T = p?~'. Second, we set
G =0 and { = « = 0; concurrently and in order that Eq. (1d)
be identically satisfied (and need no longer be explicitly con-
sidered), we must choose H to be a ‘‘heat sink’’:

i .
H = — |:E TijTij +‘l’]j2}

All of this modifies Eq. (2a), so that we have
dE u .
E:[H'F—ETUTU—T]‘]Z] (2b)

If F=0and p=7%=0, E is an “‘integral invariant’’ of the
compressible flow. If there is still no forcing (F = 0) but
dissipation exists (4 # 0 and/or 5 # 0), the energy E can only
decrease. Finally, if we wish to maintain a ‘‘steady state’’ in
the presence of dissipation, we can determine F (numerically
at each time step) so that the right side of Eq. (2b) is zero.

Third, the basic parts of Eqgs. (1) are further reduced by
restricting dynamics to two dimensions (here, the x-y plane).
In this case, Eq. (Ic) can be “‘uncurled” to yield

d
L —u X By + b) 0 3)
at
where
a =axyt)e,, b=-2¢,%XVa, j=—Va

u=u(xyt), u-e, =0, B, = Bye,
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Note that there is no gradient in Eq. (3) due to the uncurling:
any gradient is in the x-y plane, and Eq. (3) has no component
in that plane. (If By had been given a component out of the x-y
plane, a different description would have resulted.)

Now, if we take a scalar product of Eq. (3) with pa, add this
to the product of Eq. (1a) with a2/2, and volume average, the
result (after some manipulation) is

1
—~ —B,- 2 292
Qi - [oa X ul — ylpd > a’v?p] 4)

N -

where, again, A = [pa?]. Thus, if 4 =0 and By =0 in two
dimensions, A4 is an integral invariant for inviscid, compress-
ible MHD; magnetic energy is effectively restricted from
growing, and we have a variant of the familiar anti-dynamo
theorem. However; if 5 = 0 but By # 0, A can grow through a
mean-field effect; also, if 4 £ 0, 4 gains a possible ‘‘resistive
source’’ in which compressional energy can cause 4 (and other
magnetic quantities) to grow. (In the numerical work that
follows, it will be seen that the mean-field effect can be impor-
tant, whereas the resistive source of A4 produces a negligible
effect.)

In the following sections, we model a two-dimensional
magnetofluid using Egs. (1a) and (1b) with g =0, and Eq. (3)
along with the four assumptions listed above. The magne-
tofluid is mechanically forced (but not magnetically forced),
and the mean magnetic field strength is varied (along with the
initial Mach number). It should be noted that the isentropic,
polytropic approximation is a considerable simplification of
the problem involving a temperature equation.

Computational Procedure

The numerical procedure we use is based on the dealiased
spectral transform method of Patterson and Orszag.>? which
we have used to good advantage previously (e.g., in Ref. 6). In
addition, we use the natural logarithm of the density (and, in
the future, the temperature) rather than the density (or tem-
perature) directly as a computational variable:

A=tnp =T

This ensures that any numerical time-integration scheme will
not produce negative values of density or temperature. [In the
isentropic polytropic case, & = (y — 1)A.]

In the numerical procedure, the dynamical fields are ex-
panded in Fourier series

Mo = Y Nkp)e—kx
1kl < K max
u(x,t) = E u(k,t)e *-=
tel = K pax
b(x,t)= Y, bkt)e ik~
1kl < K pax
)= Y ke Kx 5)
1k < K oy

In the case of three-dimensional simulations, the position
vector is x = (x,»,2), and the wave vector is k = (k,,k,,k.);
here, for two-dimensional simulations, the position vector is
x = (x,y), and the wave vector is k = (k;,k,); Kpax is the
maximum modulus of k. Here, Egs. (5) are placed in the basic
parts of Egs. (1a), (1b), and (3) to yield a set of many hundred
or thousand ordinary, coupled differential equations. Time
integration is performed by a second-order Runge-Kutta
method with the dissipative terms being evaluated as implicitly
as possible.

Aliasing can be avoided in the formation of high-order
products in terms such as

o, 0% 0L T, pT, (pT) !
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through the use of expansions such as

o gah o < 2&)@
p*=e —1+a)\+<a)\,2>+[ a)\,z '3 +... (6)

The nth term in the series is a fully dealiased quadratic
product formed from the preceding term and aA/n, and sum-
mation continues until machine accuracy is reached. The curly
brackets {a,b} signify that a single, dealiased quantity has
been formed from @ and b by the Patterson-Orszag transform
method.? Although this fully spectral procedure avoids alias-
ing, its benefits are often outweighed by the increase in com-
putational time; transforming to x-space, forming e** di-
rectly, and then transforming back to k-space cuts down the
computational time per time step by a factor of 2-4. If we
maintain the Patterson-Orszag dealiasing procedure every-
where except for the calculation of p(k) and its powers, we
have a method for compressible flows.

Furthermore, the arrays which contain dynamic variables,
their derivatives, and products are minimal arrays, rather than
full fast Fourier transform (FFT) arrays (of which there are
only two in the code). In a Patterson-Orszag dealiasing
method,? the FFT arrays are somewhat sparse, a two-dimen-
sional array containing 30% zeros and a three-dimensional
array containing 56% zeros. The minimal array consists of
only the nonzero FFT array elements; mapping to and from
the FFT arrays is accomplished by a bit vector or order array.
Mapping into the minimal array also serves the purpose of
isotropic truncation, as required by the Patterson-Orszag
method.?

Finally, steady-state forcing is accomplished in the follow-
ing manner: the forcing term F in Eq. (1b) is defined at each
time step by F(k) = af(k), where

fk) = f(k) [cosO(k) eiex®g, + sinf(k)e»We, ] )
The phase functions
0(k), ¢x(k), and ¢, (k)

have random initial values between — 7 and = and are incre-
mented at each time step for each & by the prescription

8(k) + 27+ 8- (f — 0.5)—6(k)
ok} + 278 (f —0.5)— (k)
oy (k) + 215 (f — 0.5~ (k)

where f'is a generating function that yields a random number
between 0 and 1 every time it is called and é typically has a
value of 0.01 to 0.03. Note that the injected kinetic energy is
half compressional and half solenoidal when averaged over
time or over k.

Since time step size generally varies during a simulation of
compressible turbulence, so does the effective correlation time
of our random forcing (since 6 is held constant). However, the
exact value of é did not appear to be very important. In fact,
in some preliminary runs, it was found that setting 6 = 0 did
not noticeably change the qualitative nature of a run. We have
not fully explored the effects of varying é (or of redefining it
so that 6A7 = constant), but we do not expect the exact details
of forcing at the large scales to be “‘remembered’’ during the
turbulent transfer of energy to the small scales of the flow.

The spectral magnitude function f(k) in Eq. (7) has the
form

Sfk) = expl = (k — ko)*/20°] (®)
When forcing is turned ‘‘on’’ (as well as dissipation), the

initial value of total energy E is saved, and after each time
step, the energy is reset to the initial value by choosing o
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properly: since, after each dynamical iteration, E has de-
creased by AE( = HAt) from the initial value, the parameter «
is determined by Eq. (2b):

— AE /At

S

Note that energy is replaced at a prescribed part of the me-
chanical (kinetic) energy spectrum whereas it is lost through
dissipation (viscosity and resistivity)—presumably more so at
high k.

We have used this (fully spectral, unforced) algorithm to
study numerically® theoretical predictions made earlier by
Montgomery et al.” to explain the observed spectral structure
of small amplitude turbulent density fluctuations in the inter-
stellar medium.? The theoretical predictions made by Mont-
gomery et al.” followed from the assumption that interstellar
density fluctuations were inherently related to the magneto-
hydrodynamics rather than just the hydrodynamics® of the
interstellar medium. The prediction was, in effect, that the
total pressure (magnetic plus thermodynamic) was essentially
constant at the smaller spatial scales. Assuming (among other
things) that the statistical behavior of both kinetic and mag-
netic omnidirectional energy spectra was described by k ~%3
led to the conclusion that the omnidirectional density fluctua-
tion spectrum behaved as & ~3, which agreed with several
astrophysical observations® spanning 12 spatial orders of mag-
nitude; in contrast, a long-standing, purely hydrodynamic
argument led to a predicted & ~7? behavior. The numerical
work of Ref. 6 verified, in turn, that the theory also matched
data generated by direct numerical simulation, even when the
Reynolds numbers are not large enough to expect inertial
range power laws.

Numerical Results

In the two-dimensional simulations presented here, the
transport coefficient 5 is assumed constant and x = {=0 in
Eq. (1), and the viscosity p is linearly related to the density.
This form of u is a great simplification of what is expected for
“low-temperature’” plasmas'® or fully ionized plasmas.!! (If
this form of the viscosity is heuristically adopted in the Navier-
Stokes (NS) case also, it removes the constraint imposed by
density fluctuations that limited the time step of the NS runs
of Passot and Pouquet.!’? In the MHD case, however, the
presence of the magnetic force term requires that this con-
straint be retained whenever the magnetic force is locally
large.)

The computations were done on a 64 x 64 grid, a size cho-
sen so as to allow for a sufficient number of runs at different
parameter values. The runs consist of six fully spectral ones
(1-6) and four semispectral ones (7-10). The initial spectra for
these runs are shown in Fig 7; furthermore, [#?] =1 at t = 0;
therefore the initial Mach numbers corresponding to each run
are given by Ma =c¢, ! = (8y) "2, where ¢, is the sound
speed. In all runs, there was no initial turbulent magnetic field
energy, but there was a mean magnetic field By = Byé, present.
Those runs that were driven all had &, = 10 and o = 4 in Eq.
(8). Parameters for all the runs are given in Table 1.

The dissipation wave numbers for these runs were 25-35 (in
Eq. (5), Knax = 30.2). The viscous microscale Reynolds num-
bers were close to 20 for By=0.5 and close to 45 for
By = 0.001 The microscale magnetic Lundquist numbers were
close to 0 for By = 0.001 and close to 40 for By = 0.5.

There are two time scales in the compressible systems stud-
ied here. There is the ‘‘eddy-turnover-time’’ scale, which is
characterized by f, = Lo/ U,'3; this is the same as our previ-
ously defined characteristic time #;. There is also a ‘‘sound-
wave-transit-time’’ 74 = ¢to/ Uy = to/Ma; in the definition of
7o the initial values of Ma and Uy( = 1) are used. Thus, either
¢ (in units of #y) or 7 (in units of 7y) can be used; although we
have expressed our graphical results here in terms of 7.
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Eddy turnover times can be more precisely defined as

where

%
Whe=—1| Qdt
Ir)o

and  is the enstrophy. Here, for the dissipative runs 3-6, the
average is ¢, =0.95 (r.=2.8) and for run 10, ¢ =0.80
(7. = 0.96).

Discussion

In Fig. 1 the various volume averaged (global) quantities
which were previously defined are shown for run 1; in this run
there was no forcing or dissipation, and the apparent energy
conservation is a property of the spectral method. The total
energy appears to be a ‘‘rugged invariant’’; although this
cannot be analytically proven for a truncated Fourier repre-
sentation of a compressible magnetofluid system as it can for
an incompressible one.!*

In Fig. 2 we have run 2 in which the dissipation is turned on,
but forcing is not; the resulting behavior is as expected from
previous experience. In Fig. 3 we have run 3, which has the
same initial conditions as runs 1 and 2 but with both the
dissipation and forcing turned on. Runs 1, 2, and 3 all have a
relatively large mean magnetic field (0.5), which appears to
cause an appreciable amount of magnetic field amplification.

Runs 1, 2, and 3 are all fully spectral; in order to have
confidence in the semispectral method, a simulation corre-
sponding to run 1 was performed, but the semispectral varia-

3.0 —_———r— 7 —
4
17}
Lt N
=
-
= -1.0 E 4
2 Eg K
o EI 1
0
(=) -2.0 A -
g
z 4
g -
S -30
&) V
Q
3 40 4
S i
Hc
e 4
‘ B
5.0 | R
)_ H
7.0 L—‘—L—A——‘—‘—J—J——‘-—A—#——L——L—A——L—*—‘
0.0 2.0 4.0 5.0 8.0  10.0  12.0  14.0  16.0
CSxTIME

Fig. 1 Run 1: fully spectral, unforced, r=95=0, 3 =6, y= 1.5,
By = 0.5.

Table T Run parameters

Run g ¥ Bo vy F/82%  Af’s  Force Tfinal®
1 6 1.5 .50 .00 F 7500 off 154
2 6 1.5 .50 01 F 5500 off 12.4
3 6 1.5 .50 01 F 4500 on 8.6
4 6 1.5 .20 01 F 7000 on 12.3
S 6 1.5 .05 .01 F 9000 on 14.6
6 6 1.5 .001 .01 F 5500 on 21.1
7 6 1.5 .50 .00 S 7500 off 15.8
8 1 1.44 .001 00 F 2000 off 0.89
9 1 1.44 .001 00 S 500 off 0.88

10 1 1.44 .001 01 S 18,000 on 15.4

“F: tully spectral, S: semispectral. °Final time in units of 7,.
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LOG10{GLOBAL QUANTITIES)

6.0 L I L 1 L i . 1 L L L L L
o.lo 2.0 4.0 6.0 B.0 10.0 12.0 14.0

CS¥TIME
Fig.2 Run 2: fully spectral, unforced, » = 7= 0.01, 8 =6, y = 1.5,
By =0.5.

T T T T
E i
5 i
L
=1
-
= E
=
= 4
o
2
(=} -2.0 7
- A
@ s
o
3
& -3.0 B
=] Hc ]
3
— -4.0 -
-5.0 -
6.0 PR N N UV VIO O S DU TS ST S ER S OO DU S|
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0
CSxTIME

Fig. 3 Run 3: fully spectral, forced, »=9=0.01, 3 =6, v =1.5,
By =0.5.

tion of our code was used. The result is run 7. The global
quantities of run 1 are in Fig. 1, and of Run 7 are in Fig. 4; the
energy spectra at the end of Runs 1 and 7 are shown in Figs.
9 and 10, respectively. [All the energy spectra presented here
are ‘‘isotropically averaged’’: the modal energies E(k), etc.,
are averaged over all k¥ having the same k& = |k | to produce
E(k). These E(k) are then ‘‘smoothed’’ by averaging each
with its nearest neighbors to produce the various spectral
graphs.] A comparison of the global quantities and spectra of
runs 1 and 7 shows that they are essentially identical. We also
show the final energy spectra of run 3 in Fig. 8 and the
isotropic energy spectra of run 6 in Fig. 11. Runs 4, 5, and 6
were similar to run 3, except that B, = 0.2, 0.05, and 0.001,
respectively, rather than 0.5. The global behavior of Run 6
(By = 0.001) is shown in Fig. 5. The behavior of J, Eg, and A
for runs 4 and S are intermediate between those of Runs 3 and
6. As was noted earlier, the initial value of the turbulent
magnetic energy Ez was zero with a nonzero By; however, Ep
increased reaching a final level, which was greater the higher
the value of the mean field By. An informative quantity is the
ratio of Ep to BZ/2, the volume averaged mean magnetic field
energy. We present this ratio for runs 3 through 6 in Table 2.
We also note that the local magnetic energy increased, in small
regions, to ratios far greater than the ratio of volume averages

AJAA JOURNAL

3.0 T T T T T T "7 T T T T T

£0G10{GLOBAL QUANTITIES)

Fig. 4 Run 7: semispectral, unforced, v=9=0, §=6, y=1.5,
By = 0.5 (see Fig. 1).

o
P

T T T 17T
o]

LOG10(GLOBAL QUANTITIES)

PSR IS N URUO0 RN SN SN SO SO S NSNS BTN N SN N S (N N M S B

.0 2.0 4.0 6.0 8.0 10.0 120 14.0 16.0 18.0 20.0 22.0
CSxTIME

Fig. 5 Run 6: fully spectral, forced, » = y=0.01, § =6, y=1.5,
By = 0.001.

Table 2 Final ratio of Eg to B3/2

Run Bo Eg/B3/2
3 0.5 2
4 0.2 6
5 0.05 16
6 0.001 18

given in Table 2; for example, in run 6, the ratio of local
magnetic energy density to BZ/2 was as high as 420 at
7= ¢y = 10.7 (a plot of magnetic energy density at this time is
shown in Fig. 20).

One of the reasons for testing the semispectral method was
to use it for cases in which the initial Mach number was
relatively large, i. e., cases in which compressional energy was
increased. Although the semispectral method behaved well in
the range of parameters corresponding to runs 1 through 6
where the sound speed was ¢, = 3, we ran an additional test
for the case where ¢; = 1.2; the test was to compare runs 8 and
9 with the same positive result as before. Run 10 was then
performed; it is similar to run 6, in that they both have
By = 0.001, but the initial rms Mach number for run 10 was
5/6 compared to 1/3 for run 6. The results, shown in Figs. 6
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-10.0 |-

~11.0 PN ISR SN ST S SR SR NPT SN EAT S ST S '
0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 18.0

CS%TIME

Fig. 6 Run 10: semispectral, forced, » =4=0.01, § =1, y = 1.44,
By = 0.001.

o
ul
o3
2 l
wl
«d 4
> N
(=4
Z
w 1
(8]
uwt
(==
s
by h
(=)
S ]
,
3.0

LOG10 (Ksq)

Fig. 7 Initial, isotropically averaged energy spectra for runs 1-7
(initial phases of Fourier coefficients were random); for runs 8-10,
Ecom increased by a factor of 6.9.

LGG10[ (Ec+Elnt) & Es & Eb]

=7.0 —e 1 1 A I
0.0 1.0 2.0 3.0

LOG10 (Ksq)
Fig. 8 Isotropically averaged energy spectra for run 3 at ¢; - = 8.6.
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and 12, indicate that increasing the compressibility did not
noticeably affect turbulent magnetic field amplification (al-
though compressional energy obviously increased).

We also present contour plots representative of all the runs
in Figs. 13 through 20. Figs. 13, 14, and 15 show density
variations. Figure 13 corresponds to run 3, which had
B, = 0.5; this relatively large mean field causes the fluctua-
tions to appear slightly elongated in the direction of the mean
field (i.e., horizontally), an anisotropic effect we have pointed
out previously for incompressible cases.!® This elongation
tends to produce steeper vertical gradients; this can be seen in
comparison with Figs. 14 and 15. In Fig. 14, as in Fig. 13,
¢s = 3; the steeper gradients in Fig. 13 are then more likely due
to the mean field rather than to an increase in compressibility.
In Fig. 15, however, ¢, = 1.2 and By = 0.001; therefore the
gradients, which are nondirectional, are more likely due to the
increase in compressibility.

Another notable feature is the presence of thin current
filaments in Fig. 18; these appear as pairs with two thin areas
of oppositely directed current pressed close to one another.
These small structures manifest themselves again in Fig. 20, a
plot of magnetic energy density. In addition to these magnetic
structures, there are corresponding fluid structures as evi-
denced in Figs. 17 and 19; these suggest a strong correlation
between small scale (high k) fluid and magnetic phenomena.

LOGI0{ (Ec+Eint) & Es & Eb]

5.0 L L 2 1 n
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Fig. 9 Isotropically averaged energy spectra for run 1 at ¢; - £ = 9.2.
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Fig. 10 Isotropically averaged energy spectra forrun 7 at¢; - £ = 9.1
(see Fig. 9).
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Bl = This apparent correlation can be investigated in more quan-
-------------- ._I::‘S‘ titative terms by defining the correlation between two spectral
3.0 | T, 4 functions f and g as
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Fig. 11 Isotropically averaged energy spectra forrun 6 at ¢g - =21.1.
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Fig. 12 Isotropically averaged energy spectra for run 10 at Fig. 14 Density contours for run 6 at ¢, -¢ = 21.1; min = 0.72,
cs -t =15.4.

max = 1.23.
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amongst fluctuations in density, velocity, and magnetic field.
We do this in Table 3 for the forced, dissipative runs of Table
1. The correlations in Table 3 pertain to the last time steps of
the various runs; they are, however, representative of what is
happening in the magnetofluid, once any initial transient phe-
nomena have occurred. (Also, in Table 3, §p = p — pg.)

As Table 3 shows, there is a moderate correlation between
u? and b? at small k (large spatial scales) for all the forced
runs; run 2, an unforced but dissipative run, also had similar
behavior. When B, is large (as is E; see run 3), there seems to
be a moderate correlation between density and local magnetic
energy fluctuations at high k&, which drops, however, as B,
decreases (runs 4-6). As compressibility increases, there are
noticeable effects as a comparison between runs 6 and 10 will
show. First, as might be expected, the correlation between
density and u? fluctuations increases (velocity is high, and
density is low and vice versa in compressional motion). Sec-
ond, the low correlation between density and b2 at low k
grows to a moderate one as compressibility increases. Also,

Fig. 16 Pressure contours for run 6 at ¢ -¢ =10.7; min = 3.5,
max = 18.1.

1367
Table 3 Correlations of Fluctuations

Run fg cori(f,g) cor2(f,2) cor3(f, &)
3 u2,b? 0.54 0.09 0.00
8p,b2 0.08 0.37 0.49
Sp,u? —0.09 —-0.10 —0.04
4 u?,b? 0.47 0.01 —0.01
&p,b2 0.08 0.08 0.22
Sp,u? —0.10 —0.19 —0.22
S u?,b? 0.55 —-0.04 —0.06
6p,b2 0.10 0.04 0.02
dp,u? —0.13 —0.30 —0.41
6 u?,b? 0.53 —0.05 —0.06
6p,b? 0.12 0.03 0.02
bp,u? —0.12 —0.07 —0.01
10 u?,b? 0.50 0.08 0.01
8p,b2 0.45 —0.01 —0.01
dp,u? 0.24 —0.44 —0.62

s

Fig. 18 Current contours for run 6 at ¢; - ¢ = 10.7; min = —0.24,

max = 2.4,

Fig. 17 Vorticity contours for run 6 at ¢; -7 = 10.7; min = —-24,
max = 27.

Fig. 19 Kinetic energy density for run 6 at ¢ - 7 = 10.7; min = 0.0,

max = 3.2.
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Fig. 20 Magnetic energy density for run 6 at ¢; - ¢ = 10.7; min = 0.0,
max =2.1x 10—4

when there is no forcing (run 2, not shown in Table 2), the
correlation between density and b2 at high k starts off very
strong (> 0.85) but falls off quickly as the run progresses; this
is very similar to a previous 8y = 10 run (run A in Ref. 5; here,
run 2 has By =9). Finally, there is a somewhat anomalous
behavior in the correlation between density and u2 in the case
of intermediate By (run 5).

In order to distinguish different physical regimes, we note
that run 3 has parameters which make it correspond qualita-
tively to MHD turbulence in the solar wind, and Runs 6 and 10
correspond to MHD turbulence, which may be encountered in
the plasma sheath around a hypersonic reentry vehicle. For
example, at an altitude of 80 km, with a geomagnetic field of
about 0.5 gauss, and a velocity of 10 km/sec, run 6 tells us that
the turbulent magnetic field may have rms fluctuations of
about 2 gauss and local values of about =+ 10 gauss; whereas
the density fluctuations will have an rms value of 10% and a
local value of — 28% to + 23%. In this same situation, run 10
gives us similar magnetic statistics but density fluctuations,
which have an rms value of 60% and a local value of — 90%
to + 130% (but the isentropic, polytropic equation of state,
of course, cannot be expected accurately to represent such
large density variations).

Conclusion
The principal results from this numerical study are 1) that
the presence of a mean magnetic field, even though small,
gives rise to significant magnetic field amplification. In fact,

AIAA JOURNAL

when the initial turbulent magnetic field is negligible com-
pared to By, the final Ez may be an order of magnitude larger
than BZ/2 (though Ejp is still very small compared to Ex). This
is suggestive of the classical kinematic dynamo in which a
large amount of mechanical energy drives the magnetic field
without the magnetic field ever growing large enough to signif-
icantly affect the kinetic fluid motions (except, perhaps, in a
few isolated local areas); 2) almost tripling the initial Mach
number does not appear to have any significant effect on
amplification processes; 3) even though the correlation be-
tween small scale density and magnetic activity is strong in the
initial phase of decaying turbulence (run 2 here and other runs
in Refs. 1 and 5), it is at most moderate in forced MHD
turbulence (due, probably, to the nature of the random forc-
ing where there was an average equipartition between injected
compressional and solenoidal kinetic energy).

The grid size (64 x 64) that we utilized was suitable for
examining the number of cases we did. However, in order to
explore fully the small scales at which magnetic effects may be
large (even though the total magnetic energy is very small), we
need to run at larger grid sizes. Also, the highest Mach number
runs need, for better fidelity, a temperature evolution equa-
tion rather than the isentropic, polytropic equation of state.
These are both planned continuations of our research.
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